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The solution of a system of duifferential equations occurring
i the theory of radio-actve transformations. By H. BATEMAN,
M.A., Trinity College.

[ Read 21 February 1910.]

1. It has been shown by Prof. Rutherford * that the amounts
of the primary substance and the different products in a given
quantity of radio-active matter vary according to the system ot
differential equations,

i
%(—g= MP — A0 i
%=7&2Q—N3R s (1),
CENY
.................. )

where P, (), R, S, T, ... denote the number of atoms of the primary
substance and successive products which are present at time ¢.

Prof. Rutherford has worked out the various cases in which
there are only two products in addition to the primary substance,
and 1t looks at first sight as if the results may be extended to any
number of products without much labour.

Unfortunately the straightforward method is unsymmetrical
and laborious, and as the results of the calculations are needed 1n
some of the researches which are being carried on in radio-activity
the author has thought it worth while to publish a simple and
symmetrical method of obtaining the required formulae.

2. Let us introduce a set of auxiliary. quantities p (z), q (@),
r(x), ... depending on a variable # and connected with the
quantities P (¢), Q (¢), R (t), ... by the equations,

« OO0

p (@)= fo et P (t)dt, q(z)= J et Q (£) dt......(2).

0
It 1s easily seen that

f et CfiP dt =— P (0)+ .Lf e ()l w5 (9),
0 / 0

=_P{I+wp7

* Radio-activity, 2nd edition, p. 331.
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where p 1s written for p(«), and P, for P (0), the initial value
of P (%).
Multiplying equations (1) by ¢=*, and integrating from 0 to
» with regard to ¢ we obtain the system of equations
zp — Py =— N\ p )
X — Qo = M P — A }
g — Ry = hgg — Agr [ et (4),
2S — Ny = Ngl® — A,S J

from which the values of p, ¢, » may be obtained at once.

It Q=R,=8,=...=0, 1e. if there i1s only one substance
present 1n1tlally, we have
Pg hl'PO XIKQ-PD

P esn’ 1T @rR)EEn)’,  Ietw)@s i
and for the nth product -
MAs ... AL
G = L)L) G (D).
Putting this into partial fractions, we have
Co Cn
v(x)_m+xl+m+x2+ o
_ ASTAL, e )Ln_l /2]
(As — 7\—1) (7\'“ A (M B 7\1)
A A Ay 7&,,,_1 VTR (6).
: (7" 7‘”)(7\* ""'7\*) (Mf"')\'ﬂ)
e A g etce.

To obtain the corresponding function N (¢) we must solve the
Integral equation

where =

v.(2) = [ :ﬂ =% N (i) dt.

Now 1t has been shown by Lerch* that there 1s only one
continuous function N () which will yield a given function v (2);
hence if we can find a function which satisfies this condition 1t
will be the solution of our problem. It is clear, however, that

1 Q0
=&t oA t
X -I- A fge e
hence the above value of » (z) 1s obtained by taking
V() = cres™ - le,em2e% L U e e s (),

where the constants have the values given by (6).

* Acta Mathematica, 1903, p. 339.
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In the case when @ (0), R (0), ... are not zero, we have
P, Ni2, Q,
o e r
MA P Ao G R, ...(8),
~ @) @A) (@A) T @ FA) (@A) T (@)
etc.

and we may obtain the values of P, (), E by expressing these
quantities in partial fractions as before.
The complete solution for the case of a primary substance P

and three products @, R, S 1is

A AP
s —A, s D ,—A ¢ L) — Ayt
=P o=t () = L - Pe +(M_)\E+Qﬁ)e ,
e, DB e } i
s ( -—'7\1)(7""7\) +[(7\"7\)(7\3 7\)+7\3“‘7\2 el
AN, N7 i
+[(7&1—7\3)(7\2—7\3)+7\ 7\-3+B} |
e AL ki
EET =)
[ Adhohs B WA ]
S T D= )
[ AN o
FEEENATO SR Y GV i 6 WD WY UG )
P 0L RO it N P
Rl ) = ) = )
) A Ry il
R e g x“ﬂ

The solution may evidently be obtained by superposing the
solutions of the cases in which the initial values of P, @, R, S are

given by
USSR =VR SSEO () =10} SR (0)=0, *SUO)=10:
@) P©0)=0, Q(0)=Q, R(0)=0, S(0)=0.
(SR (O — 0, O 0) =10, = R0 =" Ly S0 =10
(R0 = (SRR O (0N =10 M (0)=10. "8 SI(O)=1S,.
The method 1s perfectly general, and the corresponding

formulae for the case of n— 1 products may be written down at
once by using (6).

The general formula covers all the four cases (Radro-activity,

pp.- 831—337). For instance in Case 2 when initially there is
radio-active equilibrium, we have

— XIP‘] = XQQ_” =S XgRﬂ — h4i5’ﬂ-
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The solutions are then

n N Ny A\
JB = e~ Mt o ol e e~ Ml
A Q Ao — Ny Ao (A — Ay)
Ao M
B 27%0 e—Mt 4 17% o— Aot
(7\2 73 7"-1) (7\3 Y >\1) (7\1 o 7\'2) (7\-3 Pt 7\'2)
A A1, R
_I_Xn(h]_kj})(hr}_h)e
G Ao AT, i
(ha = ) (b — M) (i — )
A Ash, —
L G
Ay s 1, B
B A )
M A AN, v

(7‘ 7‘4) (7\2 4) (>k o 7\4)
The solution for the case of n — 1 products 1s given by
N =23¢,e M7,

where the constants ¢, are obtained by expressing
MAA; oo Ay
w(m—l—xl)(a,+?u) NGES
in partial fractions.
The method by which the solution of the system of differen-
tial equations has been obtained 1s really of very wide application

and may be employed to solve problems depending on a partial
differential equation of the form

oV Oy G0N )
= F(am e
provided the initial value of V 1s known.

For 1f we put

U (8)=fwe"“ V(%) dt,
su (s)— V,= f 'St——dt

1t appears that u (s) satisfies the partial dlﬂ'erential equation

ARl AR \ .
F(a—;, S ) U4su+ Vo, =0 (9).

Further, if V' satisfies some linear boundary condition which
1S mdependent of ¢ the function u will generally satisfy the same
boundary condition. This function («) must be obtained from the
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differential equation (10) which is simpler than (9), inasmuch as

it depends upon fewer independent variables.
In many cases the solution of the integral equation

Qo

wis)=" eV (f)d]

()

may be calculated by means of the inversion formula *

el t¢
VA = - ee u (&) d¢,

where ¢ is a contour which starts at — o at a point below the
real axis, surrounds all the singularities of the function (&) and
returns to — oo at a point above the real axis, as in the figure.

The conditions to be satisfied by u ({) in order that this
inversion formula may be applicable have not yet been expressed

in a concise form.
The formula may be used to obtain the solution of a problem.
in the conduction of heat when we require a solution of

G sal
D ol
which satisfies the boundary conditions

V=0 when =0 and z=a,
V =f(x) when ¢t =0.

The solution found in this way 1s identical with the one given
in Carslaw’s Fourier's Serwes and Integrals, p. 383.

* A particular case of this formula has been given by Pincherle, Bologna
Memoirs, 10 (8), 1887.




